The paper introduces the class of split regular BiHom-Poisson superalgebras, which is a natural generalization of split regular Hom-Poisson algebras and split regular BiHom-Lie superalgebras. By developing techniques of connections of roots for this kind of algebras, we show that such a split regular BiHom-Poisson superalgebras A is of the form A = U + α I α with U a subspace of a maximal abelian subalgebra H and any I α , a well described ideal of A,
INTRODUCTION
The notion of Hom-Lie algebras was first introduced by Hartwig, Larsson and Silvestrov in [15] , who developed an approach to deformations of the Witt and Virasoro algebras basing on σ-deformations. In fact, Hom-Lie algebras include Lie algebras as a subclass, but the deformation of Lie algebras twisted by a homomorphism.
The twisting parts of the defining identities can transfer one algebra to the other algebraic structures. In [17, 19] , Makhlouf and Silvestrov introduced the notions of Homassociative algebras, Hom-coassociative coalgebras, Hom-bialgebras and Hom-Hopf algebras. The original definition of a Hom-bialgebra involved two linear maps, one was twisting the associativity condition and the other was twisting the coassociativity condition. In
Preliminaries
Throughout this paper, we will denote by N the set of all nonnegative integers and by Z the set of all integers. Split regular BiHom-Poisson superalgebras are considered of arbitrary dimension and over an arbitrary base field K. Any unexplained definitions and notations can be found in [13] and [18] , and we recall some basic definitions and results related to our paper. holds for any x ∈ A i , y ∈ A j , z ∈ A k and i, j, k ∈ Z 2 . If φ is furthermore a Poisson automorphism, that is, a linear bijective on such that φ([x, y]) = [φ(x), φ(y)] and φ(xy) = φ(x)φ(y) for any x, y ∈ A, then A is called a regular Hom-Poisson superalgebra.
Hom-Poisson superalgebra
1.2. BiHom-associative superalgebra A BiHom-associative superalgebra is a 4-tuple (A, µ, φ, ψ), where A is a superspace, φ : A → A, ψ : A → A and µ : A ⊗ A → A are linear maps, with notation µ(a ⊗ b) = ab, satisfying the following conditions, for all a, a ′ , a ′′ ∈ A:
And the maps φ and ψ are called the structure maps of A.
Clearly, a Hom-associative algebra (A, µ, φ) can be regarded as the BiHom-associative algebra (A, µ, φ, φ).
BiHom-Lie superalgebra
When φ and ψ are algebra automorphisms, it is said that L is a regular BiHom-Lie superalgebra.
Decomposition
Definition 2.1. A BiHom-Poisson superalgebra A is a BiHom-Lie superalgebra (A, [·, ·], φ, ψ) endowed with a BiHom-associative superproduct, that is, a bilinear product denoted by juxtaposition such that φ(x)(yz) = (xy)ψ(y), for all x, y, z ∈ A, and such that the BiHom-Leibniz superidentity
Furthermore, if φ and ψ are Poisson automorphisms, it is said that A is a regular BiHom-Poisson superalgebra. 
Example 2.3. Let A = A 0 ⊕ A 1 be a 2-dimensional superspace, where A 0 is generated by e 1 and A 1 is generated by e 2 and nonzero products and φ, ψ : A → A are given by φ(e 1 ) = ae 1 φ(e 2 ) = ae 2 ψ(e 1 ) = be 1 ψ(e 2 ) = be 2 , a, b = 0, 1, e 1 · e 1 = abe 1 , e 2 · e 2 = abe 1 , e 1 · e 2 = e 2 · e 1 = abe 2 , [e 2 , e 2 ] = 2abe 2 .
Example 2.4. Let A = A 0 ⊕ A 1 be a 3-dimensional superspace, where A 0 is generated by e 1 , e 2 and A 1 is generated by e 3 and nonzero products and φ, ψ : A → A are given by φ(e 1 ) = ae 1 φ(e 2 ) = e 1 + e 2 φ(e 3 ) = 0, a = 0, 1, ψ(e 1 ) = be 1 ψ(e 2 ) = e 1 + e 2 , ψ(e 3 ) = 0, b = 0, 1, e 1 · e 2 = ae 1 , e 2 · e 2 = e 1 + e 2 , [e 1 , e 2 ] = ae 1 . We recall from [22] that a BiHom-Lie superalgebra (A, [·, ·], φ, ψ) and a maximal abelian sualgebra H of A, for a linear functional
we define the root space of A associated to α as the subspace
The elements α : H 0 → K satisfying A α = 0 are called roots of A with respect to H and we denote Λ := {α ∈ (H 0 ) * /{0} : A α = 0}. We call that A is a split regular BiHom-Lie superalgebra with respect to H if
We also say that Λ is the root system of A.
To simplify notation, the mappings φ| H , ψ|
H → H will be denoted by φ, φ −1 , ψ and ψ −1 respectively.
We recall some properties of split regular BiHom-Lie superalgebras that can be found in [22] .
Lemma 2.5. Let (A, [·, ·], φ, ψ) be a split regular BiHom-Lie superalgebra. Then, for any α, β ∈ A ∪ {0},
Lemma 2.6. Let A be a split regular BiHom-Poisson superalgebra. Then for any α, β ∈ A ∪ {0}, we have
and denote h ′ 0 = ψ −1 (h 0 ). By applying the BiHom-Leibniz superidentity, we get
By Lemma 2.6, we can assert that
In what follows, A denotes a split regular BiHom-Poisson superalgebra and
the corresponding root spaces decomposition. Given a linear functional α :
. We write
is a regular BiHom-Possion superalgebra. Then we have
Definition 2.8. Let α, β ∈ Λ. We will say that α is connected to β if either
We will also say that {α 1 , · · ·, α k } is a connection from α to β.
The proof of the next result is analogous to the one of [22] . For the sake of completeness, we give a sketch of the proof.
Proposition 2.9. The relation ∼ in Λ, defined by α ∼ β if and only if α is connected to β, is an equivalence relation.
Proof. If α ∼ β, then either β = ǫαφ z 1 ψ z 2 for some z 1 , z 2 ∈ Z and ǫ ∈ {−1, 1}, and so β is connected to α; or there exists {α 1 , · · ·, α k } ⊂ ±Λ with k ≥ 2, from α to β with
for some m, s ∈ N, ǫ ∈ {−1, 1}. Then we can verify that
is a connection from β to α and the relation ∼ is symmetric. Finally, suppose α ∼ β and β ∼ γ. If β = ǫαφ z 1 ψ z 2 for some z 1 , z 2 ∈ Z, ǫ ∈ {−1, 1} and γ = ǫ ′ αφ z 3 ψ z 4 for some z 3 , z 4 ∈ Z, ǫ ′ ∈ {−1, 1}, it is clear that α ∼ γ. Hence suppose {α 1 , · · ·, α k } with k ≥ 2 is a connection from α to β which satisfies
for some m, s ∈ N, ǫ ∈ {−1, 1}, and {h 1 , · · ·, h p } is a connection from β to γ. Then {α 1 , · · ·, α k , ǫh 2 , · · ·, ǫh p } is connection from α to γ, so the connection relation is also transitive. By Proposition 2.9 we can consider the quotient set
with [α] being the set of nozero roots which are connected to α. Our next goal is to associate an ideal
∈ Λ/ ∼, we start by defining
Now we define
A β .
Finally, we denote by I [ α] the direct sum of the two subspaces above:
Proposition 2.10. For any [α] ∈ Λ/ ∼, the following assertions hold.
(1). 
By a similar argument, we get [
. Suppose that βφ −1 + γψ −1 ∈ Λ. We infer that {β, γ} is connection from β to βφ −1 + γψ −1 . The transitivity of ∼ now gives that βφ . We have
Similar considerations, we have
Hence, it just remains to check that I H,[α] I H,[α] , observe that
Consider the first summand on the right hand side of (2.4). By BiHom-Leibniz superidentity, we have
Next we consider the last summand on the right hand side of (2.4). By BiHom-associativity, we know
(2) It is easy to check that φ(
We will study the expression [
and 
Then some of the four sunmands are different from zero.
If
If the second, third or fouth summand were nonzero, we can argue as above but using the BiHom-Leibniz or BiHom-associativity superidentites to show that these products are zero. Consequently,
In a similar way we can prove that the remaining summands in (2.5) and (2.6) are zero, and the proof is complete.
Proposition 2.11. For any [α] ∈ Λ/ ∼, we have
Proof. Fix any β ∈ [α]. On the one hand, by the BiHom-Leibniz superidentity, we get
And on the other hand, by BiHom-associativity we know
(2) If A is simple, then there exists a connection from α to β for any α, β ∈ Λ and
, by (2.4) and (2.5) we have
According to Proposition 2.9 and Proposition 2.10, we have
As we also have φ(I 
Theorem 2.13. We have
where U is a linear complement in
is one of the ideals of A described in Theorem 2.12, 
Proof. I [α] is well defined and is an ideal of A, being clear that
A is the direct sum of the ideals given in Theorem 2.12,
. To verify the direct character of the sum, take some
In a similar way, v
That is v ∈ Z(A) and so v = 0.
The simple components
In this section we focus on the simplicity of split regular BiHom-Poisson superalgebras by centering our attention on those of maximal length, we recall that a roots system Λ of a split regular BiHom-Poisson superalgebra A is called symmetric if it is satisfies that α ∈ Λ implies −α ∈ Λ. From now on we will suppose that Λ is symmetric.
For the grading of I, we have
Proof. Observe that [I, H] ⊂ [H, H] = 0 and
[I,
, by the BiHom-Leibniz superidentity and the above observation, we obtain HI + IH = 0. So I ⊂ Z(A).
We use the same notions of [8] and [22] , denote by Λ 0 := {α ∈ Λ : L α,0 = 0} and Observe that if A is of maximal lenth, then we have
where Proof. Suppose A is simple. Since Z(A) is an ideal of A, we have Z(A) = 0. Now Theorem 2.12(2) completes the proof of the direct implication.
To prove the converse, consider a nonzero ideal of A. By (3.1), we can write 
In particular,
Now, let us take any β ∈ Λ satisfying β / ∈ {α 0 φ z 1 ψ z 2 : z 1 , z 2 ∈ Z}. Since α 0 and β are connected, we have a connection {α 1 , · · ·, α k }, k ≥ 2, from α 0 to β satisfying:
Taking into account that α 1 , α 2 ∈ Λ and α 1 φ −1 + α 2 ψ −1 ∈ Λ, we have α 1 ∈ Λ i and α 1 ∈ Λ j such that α 1 φ −1 + α 2 ψ −1 ∈ Λ i+j . The root multiplicativity and maximal length of A allow us to assert that either 0 = [
Since 0 = A α 1 ,i ⊂ I as a consequence of (3.3) we get
A similar argument applied to α 1 φ −1 + α 2 ψ −1 , α 3 , and
gives us 0 = A α 1 φ −2 +α 2 φ −1 ψ −1 +α 3 ψ −1 ,k ⊂ I. We can follow this process with the connection 
